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Abstract
We have developed the general grid method for multi-channel scattering of bosonic atoms inside
a harmonic waveguide with transverse anisotropy. This approach is employed to analyze elastic
as well as inelastic multi-channel confined scattering. For the elastic scattering, the effects of the
range and form of interatomic potential and the waveguide anisotropy on the confinement induced
resonance are studied. We have also investigated quantitatively the reactive rate constant in
confined atom-atom collisions. It is found that a slight anisotropy to the confining trap considerably
enhances the reactive rate constant in multi-channel regime.
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I. INTRODUCTION
Ultracold low-dimensional atomic gases have been intensively studied over the past two
decades [1–5]. Experimentally, they are fabricated by employing optical traps which can
confine the system in one, two or three dimensions [6]. These low dimensional systems now
provide an ideal experimental tool to test fundamental problems of few- and many-body
physics. The atomic interactions can be tuned in such structures by varying the trap width
or with the help of magnetic Feshbach resonance by varying the external magnetic field and
thereby one can reach the so-called confinement induced resonance (CIR) which was first
predicted by Olshanii [7].
CIRs were confirmed in several experiments [1–3, 8, 9]. Particularly, in a prominent experi-
ment [9], CIR properties were studied for an ultracold quantum gas of Cs atoms confined in
a quasi-1D geometry with transverse anisotropy. Observed splitting of the peek in atomic
losses near the CIR, which repeated the splitting of the binding energy of a two-atomic
molecule in transverse excited state [9], has stimulated different theoretical modeling [10–
14]. Attempts [10, 11] to explain this effect in one-channel pseudopotential approach [7]
were not successful. However, a multichannel model [12], including the contribution of
transversely excited channels to the confined quasi-1D scattering process, predicts a split-
ting in the minimum of atomic transmission curve which is qualitatively in agreement with
the observed CIR splitting [9]. Alternatively, a quantitative agreement was obtained in [13]
where Sala with co-authors linked the experimentally observed effect with the possibility
of two-atomic molecule formation in the center-of-mass (CM) excited states when the trap
is assumed to be anharmonic. In this kind of traps, pair atomic collisions can lead to res-
onant molecule formation in the CM excited states [15, 16] due to the coupling between
the relative and CM motions . The model [13] which was dedicated to anharmonic traps
was confirmed afterwards in a special experiment for the Li molecule formation in slightly
anisotropic and anharmonic traps [14], but the observed splitting of the transmission due
to the anisotropy of harmonic traps [12] still demands theoretical and direct experimental
investigations. Therefore, one of the goals of the present work was more profound theoretical
study of the multichannel atomic scattering confined in harmonic but anisotropic traps by
considering more realistic interatomic potentials of different effective ranges.
For this aim, we applied here the general grid method suggested in [17] to investigate multi-
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channel scattering of identical atoms confined in a transverse harmonic trap. We suggest a
modification which makes the method applicable for anisotropic harmonic waveguides. In
[12], an interatomic potential was taken in the form V (r) = −V0 exp(−r2/r20) with rather
long-range interaction due to chose of rather large scaling parameter r0 ≈ 5a¯, where a¯ is
the appropriate unit of length for the problem. Here, we study the influence of the form of
the interaction potential on multi-channel elastic scattering inside an anisotropic harmonic
waveguide. A spacial attention was payed to investigate how the CIR can be affected by the
form of the interparticle interaction and the strength of trap anisotropy.
Ultracold molecular effects have also attracted a great interest and in order to control them
more effectively, we have to understand the reactive collisions of ultracold atoms [18]. Chem-
ical reactions at extremely low temperatures were studied both experimentally [19, 20] and
theoretically [21] using a quantum defect model [22–24]. Idziaszek et. al [25, 26] reported
analytic formulas for reactive collision rates inside an isotropic harmonic waveguide. Here,
employing our approach we investigate the reactive rates in the presence of an isotropic as
well as anisotropic transversal confinement in the case of one- and multi-mode regime, de-
scribing the reactive or inelastic part of the short-range interaction as an absorbing potential
−iVi exp(−r2/r2i ) which we have added to a C12 − C6 Van der Waals interaction potential.
II. MULTICHANNEL SCATTERING PROBLEM IN AN ANISOTROPIC HAR-
MONIC WAVEGUIDE
We study the collision of two identical bosonic atoms under the transverse anisotropic
harmonic confinement defined by frequencies ωx and ωy along the x and y directions, re-
spectively. The corresponding Hamiltonian is given by
H =
2∑
i=1
(− ~
2
2m
∇2i +
1
2
mω2xx
2
i +
1
2
mω2yy
2
i ) + V (|r1 − r2|) (1)
where m is the mass of the atoms and V (|r1 − r2|) describes the interaction potential
between atoms. The Hamiltonian permits the separation of the center-of-mass rcm = (r1 +
r2)/2 and relative r = r1 − r2 variables
H = Hcm +Hrel (2)
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where
Hcm = − ~
2
2M
∇2cm +
1
2
Mω2xx
2
cm +
1
2
Mω2yy
2
cm (3)
and
Hrel = − ~
2
2µ
∇2r +
1
2
µω2xx
2 +
1
2
µω2yy
2 + V (r) (4)
Here M = 2m and µ = m/2 are the total and reduced masses, respectively. So, the
problem is reduced to scattering of a single particle with the mass µ off a central potential
V (r), under a transverse anisotropic harmonic confinement[
− ~
2
2µ
∇2r +
1
2
µω2xx
2 +
1
2
µω2yy
2 + V (r)
]
ψ(r) = Eψ(r) (5)
Here the energy of the relative two-body motion E = E⊥ + E‖ is a sum of the transverse
E⊥ and longitudinal E‖ = ~
2k‖
2/(2µ) collision energy.
We assume that the interaction potential has the Gaussian
V (r) = −V0 exp(−r
2
r20
) (6)
or Van der Waals (C12 − C6)
V (r) =
C12
r12
− C6
r6
(7)
form, where V0 and r0 > 0 show the depth and the screening length of the Gaussian potential,
respectively.
It is more convenient to rewrite Eq.(5) in the following rescaled form[
−1
2
∇2r +
1
2
ω2xx
2 +
1
2
ω2yy
2 + V (r)
]
ψ(r) = Eψ(r) (8)
with the scale transformation r → r/a¯ (r0 → r0/a¯), E → E/E0, ωx(y) → ωx(y)/ω0, V →
V/E0, where E0 = ~
2/(µa¯2) , ω0 = E0/~ , and a¯ = 4piΓ(1/4)
−2RvdW . Here Γ(x) shows the
gamma function and RvdW = 1/2(2µC6/~
2)
1/4
stands for the Van der Waals radius [27].
In the asymptotic region |z| → ∞, the transverse trapping potential dominates and the
symmetrical (with respect to reflection r→ −r) wave function for the bosonic collision can
be written as
ψn(r) = cos(knz)φn(x, y)
+
∑
n′
fnn′ exp(ikn′ |z|)φn′(x, y) (9)
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where
kn =
√
2(E − En⊥) (10)
and
φn(x, y) = φnx,ny(x, y) = φnx(x)φny(y) (11)
is the eigenfunction of the 2D harmonic oscillator, corresponding to the transversal eigenen-
ergy
En⊥ = E
nx,ny
⊥ =
[
ωx(nx +
1
2
) + ωy(ny +
1
2
)
]
(12)
φnx(x)(φny(y)) being the eigenfunction of a 1D harmonic oscillator along the x(y) axis.
The scattering amplitude fnn′ describes transition from the initial n = (nx, ny) to the final
n′ = (nx
′, ny
′) transverse state. The summation is over all open channels.
The transmission probability from the initial transverse state n to all possible final open
states n′ in the course of the collision of identical bosons is defined as
Tnxny = Tn =
∑
n′
kn′
kn
|δnn′ + fnn′|2 . (13)
The scattering amplitude is related to the 1D S matrix via Snn′ = δnn′ + 2fnn′. At zero-
energy limit, it is convenient to parameterize the 1D scattering through the 1D scattering
length as a1D = i(1 + f00)/(k0f00) [7], where f00 shows the scattering amplitude from the
initial n = 0 = (0, 0) state to the same final state n′ = 0 = (0, 0).
If there is an absorbing potential in short range, then the corresponding a1D becomes a
complex value with the imaginary part related to inelastic processes (reactions). The loss
mechanism characterised quantitatively by the reactive rate constant K1D,re. In one dimen-
sion, the reactive and elastic collision rates for identical particles in channel n are defined
as [28]
K1D,re = kn
(
1− |Snn|2
)
(14)
K1D,el = kn|1− Snn|2 (15)
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III. NUMERICAL APPROACH
To obtain the transmission probability and the rate constants, we have to calculate the
scattering amplitude fnn′ by integration of the Schro¨dinger Eq.(8) with the boundary asymp-
totic condition Eq.(9). Due to the anisotropy of the confinement, the scattering problem is
non-separable in the three dimensional space (r, θ, φ). To resolve this problem we use the
discrete variable method suggested in [29, 30].
First, we discretize the Schro¨dinger Eq.(8) on a 2D grid over (θ, φ) variables according to
the non-direct product DVR [31–33]. The idea of this approach is in expanding the desired
wave function ψ(r, θ, φ) in the basis orthogonal and complete on the 2D grid Ωj = (θj , φj)
fj(Ω) ≈
N∑
ν=1
Y¯ν(Ω)
[
Y−1
]
νj
(16)
so that
ψ(r, θ, φ) ≈ 1
r
N∑
j=1
fj(Ω)uj(r) . (17)
Here N = Nθ × Nφ, where Nθ and Nφ are the number of grid points over the θ and
φ variables respectively. The N × N matrix Y−1 is inverse to the matrix Y defined as
Yjν =
√
λjY¯ν(Ωj), with λj = (2piλ
′
j)/Nφ and λ
′
j being the weights of the Gaussian quadrature
over θ. The angular grid points θj and φj are defined as the zeros of the Legendre polynomial
PNθ(cos θ) and φj = 2pij/Nφ , respectively. The symbol ν represents the two fold index
ν = (l, m) and the summation over ν is equivalent to
N∑
ν=1
=
Nφ−1
2∑
m=−
Nφ−1
2
|m|+Nθ−1∑
l=|m|
(18)
The polynomials Y¯ν(Ω) are chosen as
Y¯ν(Ω) = Y¯lm(Ω) = e
imφ
∑
l′
cl
′
l P
m
l′ (θ) (19)
where cl
′
l = δll′ holds in general, thus Y¯ν(Ω) coincide with the usual spherical harmonics
Yν(Ω) except some higher values of ν so that the orthogonality relation remains
6
〈Y¯ν |Y¯ν′〉 =
∫
Y¯ν
∗
(Ω)Y¯ν′(Ω)dΩ ≈
N∑
j=1
λjY
∗
ν (Ωj)Yν′(Ωj) = δνν′ (20)
In a few cases involving the highest l values (l ≥ Nθ), Yν(Ω) have to be orthogonalized.
We address the set of orthogonal basis as Y¯lm(Ω). First, for l = Nθ we make a polynomial
orthogonal to the ones of lower l value
Y˜lm(Ω) = Ylm(Ω)−
l−1∑
l′=|m|
〈Ylm |Y¯l′m 〉Y¯l′m(Ω) (21)
and, we make it normalized
Y¯lm(Ω) =
Y˜lm(Ω)
〈Y˜lm |Y˜lm 〉
(22)
then, we perform the above procedure iteratively in order to obtain Y¯lm(Ω) for the next
values of l. Such a way, the above orthogonalization Gramm-Schmidt procedure leads as to
the basis (16) which is orthonormal and complete on the grid Ωj for any chosen N .
By substituting Eq.(17) into Eq.(8), we reach to a system of N(= Nθ×Nφ) Schro¨dinger-like
coupled equations with respect to the N−dimensional unknown vector u(r) = {√λjuj(r)}N1
{
H(0)(r) + 2 [EI−V(r)]
}
u(r) = 0 (23)
where I is the unit matrix and
H
(0)
jj′(r) = δjj′
d2
dr2
− 1
r2
N∑
ν=1
Yjνl(l + 1)(Y
−1)νj′, (24)
Vjj′(r) = V (r,Ωj)δjj′ =
{
V (r) +
1
2
ω2xx
2
j +
1
2
ω2yy
2
j
}
δjj′ (25)
Here xj = r sin θj cosφj and yj = r sin θj sin φj and the elements uj(r) of the vector u(r)
coincide with the values rψ(r,Ωj) of desired wave function on the grid points Ωj .
We solve the system of Eqs. (23) on a quasi-uniform radial grid [31]
rj = R
eγxj − 1
eγ − 1 , j = 1, 2, ..., Nr (26)
7
of Nr grid points {rj} defined by mapping rj ∈ [0, R→ +∞] onto the uniform grid xj ∈ [0, 1]
with the equi-distant distribution xj −xj−1 = 1/Nr. One can achieve a suitable distribution
of the grid points for a specific interatomic and confining potential by varying Nr and the
parameter γ > 0.
Thus, after the finite difference approximation, the initial 3D Schro¨dinger Eq.(8) is reduced
to the system of Nr algebraic matrix equations
3∑
p=1
Ajj−puj−p +
(
Ajj + 2 {EI − Vj}
)
uj +
3∑
p=1
Ajj+puj+p = 0,
j = 1, 2, ..., Nr − 3,
uj + α
(1)
j uj−1 + α
(2)
j uj−2 + α
(3)
j uj−3 = γj,
j = Nr − 2, Nr − 1, Nr (27)
In the first three equations, the functions u−3, u−2, u−1 and u0 are set to zero by using
the left-side boundary condition: u0 = 0 and u−j = −uj. The last equation for large
values of j comes from the right-side boundary condition Eq.(9) at large r by eliminating
the unknown scattering amplitudes from Eq.(9) written for a few largest values of rj . We
solve this boundary value problem Eq.(27) by using the LU decomposition approach [34] or
the sweep method [35] which is adopted to the multichannel atomic scattering in [17] (see
Appendix A).
By mapping the calculated wave function at the points zj = rj cos θj → ±∞ with the
asymptotic boundary condition (9) we find the scattering amplitude fnn′.
8
IV. RESULTS AND DISCUSSION
A. Multichannel elastic scattering
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Fig. 1 (Color online) Partial transmission coefficients (T00, T02 ,T20) for several r0 as a function
of a⊥/s when the anisotropy is fixed at ωx/ωy = 1.05 (ωy = 0.02ω0) and the initial state of the
system is in the last open channel with a longitudinal energy E‖/E
0
⊥ = 5 × 10−3 for the cases of
(a) one open channel (b)two open channels (c) three open channels.
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In this Subsection we analyze pair atomic collisions in anisotropic waveguides at colliding
energies permitting transition between the first three transverse channels with n = (nxny) =
(00), (02) and (20). We investigate the influence of the form of interatomic interaction V (r)
and the strength of the anisotropy 1 − ωx/ωy on the transmission coefficients Tn(E, ωx/ωy)
(13). Special attention is paid on what found in Ref.[12], i.e. splitting of the transmission
coefficient T02(E, ωx/ωy) in the case ωx/ωy 6= 1 which can be responsible for the CIR split-
ting experimentally observed in the ultracold gas of Cs atoms confined in an anisotropic
waveguide [9].
First, the interaction potential V (r) was chosen in the Gaussian form V (r) =
−V0 exp(−r2/r20) suggested in [12] for the fixed anisotropic waveguide with ωx/ωy = 1.05
(ωy = 0.02ω0) and longitudinal colliding energies E‖/E
0
⊥ = 5 × 10−3 which reckoned from
the threshold of the last open channel. Calculations were performed with the varying
parameters V0 and r0 which supplyed entering to the area near the point of CIR. As
known, CIR was predicted [7] and experimentally observed [9] for an isotropic waveguide
(ω⊥ = ωx = ωy) at the point a⊥/s = 1.46..., i.e. when the dimensionless s-wave scattering
length s = − limk→0 δ0(k)/k approaches to the value of the trap width a⊥ = 1/√ω⊥. Here
δ0(k) represents the energy dependent phase shift due to the scattering in free space. There-
fore, by integrating the scattering problem (8,9) for various depth V0 and widths r0 of the
potential V (r) and fixed ω⊥ and E, we get the transmission coefficients Tnxny(E, a⊥/s, r0)
and find the CIR position where ℜf00(E, ω⊥, V0, r0) → −1, ℑf00(E, ω⊥, V0, r0) → 0 and
T00(E, ω⊥, V0, r0)→ 0 (see definition CIR in [7]). With the fixed parameters V0 and r0 the
problem (8) is integrated for ω⊥ = 0 as well, and the scattering amplitude f0 is extracted
from the free-space scattering asymptotic. Such a way we calculate the scattering length
corresponding to the chosen V0 and r0. In Fig. 1(a) ( (b), (c)), we present the partial trans-
mission coefficients for the cases when one (two, three) channel(s) are open, and the colliding
atoms are initially in the last open channel. Rather smooth dependence of the transmission
coefficients T00 and T20 on the ratio a⊥/s and r0 near CIR is clear from Fig. 1(a) and (b).
However, the minimum of the coefficient T02 at CIR splits with increasing r0. The effect
becomes observable for anisotropy ωy/ωx = 1.05 at r0 ≥ 3.5. So, we can conclude that the
CIR splitting occurs only for rather long-range interaction considerably overlapping with the
harmonic confining potential. The effect was already observed in [12] where the calculations
of the transmission coefficients where performed with the same Gaussian potential (6) but
10
for only one fixed parameter r0 = 5a¯.
Fig. 2 illustrates the dependence of the value of the CIR splitting on the strength of the
anisotropy by assuming a long-range character (r0 = 5a¯) of the interaction potential V (r)
(6). As the anisotropy increases, the distance between the two minima in T02(a⊥/s) increases,
as well. The same phenomenon is observed in the experimental result [9], which is also in
quantitative agreement with the theoretical modeling in [13]. Squeezing or stretching the
confinement along one axis while keeping it constant along the other axis, leads to elimination
of the degeneracy between the eigenstates (nx, ny) = (0, 2) and (2, 0) of the transverse
confining potential and increasing the energy splitting between the energy thresholds of
these two scattering channels, and hence larger CIR splitting.
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Fig. 2 (Color online) Partial transmission coefficient T02 for various anisotropies as a function of
a⊥/s when r0 = 5a¯ , E‖/E
0
⊥ = 5× 10−3 and ωy = 0.02ω0.
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Fig. 3 (color online) The dependence of the partial transmission coefficient T02 on the longitudinal
energy for ωx/ωy = 1.25 (ωy = 0.02ω0) and r0 = 5a¯ as a function of a⊥/s.
In Fig. 3 we can see the effect of longitudinal energy E‖ on the behaviour of transmission
curve T02(E, a⊥/s) for a considerable anisotropy in transversal confinement (
ωx
ωy
= 1.25). It
shows that the splitting becomes more pronounced with increasing energy.
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Fig. 4 (color online) Transmission coefficient T02, considering the van der Waals interacting po-
tential, as a function of a⊥/s for various trap frequencies along the y axis, when the anisotropy is
fixed at ωx/ωy = 1.1 and the longitudinal wave vector equals to k‖ = 0.02 .
We have also analyzed the problem with more realistic C12 −C6 interaction, i.e. van der
Waals potential. For the pair of 133Cs atoms the parameters of the van der Waals potential
are C6 = 6890 a.u. , RvdW = 101a0 , a¯ = 96.55a0 (where a0 is the Bohr radius). In this
case, the units of the problem becaomes E0 = 8.8× 10−10Eh ,and ω0 = 2pi × 5.7× 103kHz.
In Fig. 4 we present the calculated curve T02(E, a⊥/s) of the transmission coefficient for a
fixed value of ωx/ωy = 1.1. As it can be seen, only for very tight traps, the minimum is
splitted. In this respect, one can evaluate the van der Waals potential as a very short-range
interaction that can lead to the CIR splitting only in the case of its overlap with a very tight
harmonic confinement. The form of the splitting in the case of C12 − C6 interaction (7) is
considerably different from the case of Gaussian interaction (6).
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B. Inelastic scattering
In this Subsection we analyze the case where chemical reactions occur at short distances
that leads to inelastic scattering. Here we consider collision of two particles interacting via
the C12−C6 van der Waals potential plus an imaginary term like −iVi exp(−r2/r2i ) at short
distances of the order ri, which models the loss mechanism due to presence of the inelastic
channel of a molecule formation. This process happens at distances much smaller than the
length scale associated with the long range Van der Waals potential, a¯. Here we have chosen
ri = 0.4a¯ in order to reproduce the complex scattering length presented in [21] where they
used this value to compute the s-wave reactive collision rate for 40K87Rb molecules and
found it compatible with the corresponding experimental data on [20].
The scattering process can be parametrized by using two dimensionless quantum defect
parameters 0 6 y 6 1 and s , where y (determined here by Vi and ri) is related to the short
range reaction probability via P re = 4y/(1 + y)2 [25] and s represents the dimensionless 3D
scattering length in the absence of any loss process. In general, the phase shift δ0 of the
s-wave scattering process in free space becomes a complex number δ˜0 leading to the complex
scattering length a˜ = α− iβ defined as a˜ = − limk→0 δ˜0(k)/k.
14
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Fig. 5 (Color online) Real and imaginary parts of the scattering length in free space with absorp-
tion as k → 0 and s varies over its full range −∞ < s < ∞ . Analytical (numerical) values for
different values of the loss parameter y are shown with curves (dots).
In Fig. 5 we have plotted complex scattering length (a˜ = α − iβ) in free space obtained
at the numerical integration of Eq.(8) with ωx = ωy = 0 along with the corresponding
analytical values for comparison. Our results are in a good agreement with the analytical
results which at the low energy limit is a function of y and s (in units of a¯) [21]
a˜ = s+ y
1 + (1− s)2
i+ y(1− s) (28)
In Fig. 6 we present the calculated real and imaginary parts of the complex scattering length
a˜ = α − iβ = −1/a1D inside an isotropic harmonic waveguide for various loss parameters,
where a1D = ik0f00/(1 + f00) is the quasi-1D scattering length (see the definition after
Eq.(13)). When there is no absorption (y = 0), α exhibits a resonance at a⊥/s = 1.46. But
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in the presence of absorption (y 6= 0), the behaviour of α changes dramatically and there is
no divergence at a⊥/s = 1.46, hence the resonance becomes less pronounced and disappears
gradually by incresing y. The strongest loss occurs at the maximum value of β which is
located at the CIR position.
16
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Fig. 6 (Color online)(a)real and (b)imaginary part of the complex scattering length inside an
isotropic harmonic waveguide with frequency ω⊥ = 0.02ω0 as a function of a⊥/s when k0 → 0 for
different loss parameters. The dashed line shows the position of CIR in the absence of absorption
(a⊥/s = 1.46).
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In Fig. 7 we show the reaction rate constant graph at low energies just above the first
channel threshold (K1D,re =
(
1− |S00|2
)
/(2k0a
2
⊥)) for a special loss parameter y = 0.3.
Here, following the definition of the dimensionless reactive constant presented in [26], we
have divided K1D,re in Eq.(14) by 2k20a
2
⊥. Our results show a good agreement with the low
energy reaction constant formula which is suggested in [26]
K1D,re =
2 + s(s− 2)
s2 + y2(s− 2)2 (29)
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Fig. 7 (Color online)The blue curve (red dots) show(s) the dimensionless reactive rate constant
at very low collision energies in an isotropic harmonic trap with frequency ω⊥ = 0.02ω0 obtained
from our calculations (Eq.(29) ) for a loss parameter y = 0.3.
In Fig. 8 we present the one dimensional scattering length (a1D = α˜+ iβ˜) which we have
obtained numerically for a slight anisotropy η = ωx/ωy = 1.05 and y = 0.3 along with the
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values predicted by the following formula [10], for comparison
a1D = − a
2
⊥
2
√
ηs˜
(
1− C(η) s˜
a⊥
)
(30)
Here, s˜ is a complex number for the 3D scattering length in the presence of a loss mechanism
and we have assumed C(η = 1.05) ≈ C(η = 1.0) = 1.4603. Our values show a good
agreement with the analytical predictions.
19
−3 −2 −1 0 1 2 3
−30
−25
−20
−15
−10
−5
0
5
10
15
s
α˜
/a¯
(a)
−3 −2 −1 0 1 2 3
−45
−40
−35
−30
−25
−20
−15
−10
−5
0
s
β˜
/a¯
(b)
Fig. 8 (Color online)(a)Real and (b)imaginary part of the 1D scattering length a1D as a function
of 3D scattering length s when k0 → 0 for y = 0.3, ωx/ωy = 1.05 and ωy = 0.02ω0. Dots (curves)
correspond to the numerical (analytical [10]) results.
We show the effect of adding a slight anisotropy on one dimensional scattering length in
Fig. 9. The energy is assumed to be very small, just above the first channel energy threshold.
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As it is observed, when the anisotropy is raised a little bit, it does not have a great effect
on the real part of the scattering length (α) and it can only result in a small increase of the
imaginary part (β) mainly around the CIR position (a⊥/s = 1.46).
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Fig. 9 (Color online) The effect of adding a slight anisotropy to the confining harmonic potential
on (a)real and (b)imaginary part of the one dimensional scattering length as a function of 3D
scattering length s when k0 → 0 for a loss parameter y = 0.3. The frequency along the y axis is
fixed at ωy = 0.02ω0.
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Fig. 10 (Color online) Reactive rate constant for anisotropic and isotropic harmonic waveguide
for the cases of (a) one open channel (b) two open channels as a function of 3D scattering length s
when the energy is just above the last open channel threshold and the initial state is in the highest
open channel (k0 → 0 in (a) and k1 → 0 in (b)) for a loss parameter y = 0.3. The frequency along
the y axis is fixed at ωy = 0.02ω0.
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The anisotropy effect on the reactive rate when there is only one open channel differs
from the case of two open channels. We illustrate this phenomenon in Fig. 10, when the
initial energy of the system is slightly above the last open channel threshold. When only
one transversal harmonic state is involved, there is no considerable impact on Kre (Fig. 10
(a)). But for the multichannel scattering, as it can be seen in Fig. 10 (b), anisotropy yields
a considerable increase in the Kre value. However, the maximum appears around s = 0 for
both cases.
V. CONCLUSIONS
We have developed the computational scheme for ultracold multichannel processes in
harmonic waveguides with transverse anisotropy. It is applicable to the case of elastic as well
as inelastic (reactive) multichannel scattering. By considering the effect of the transmission
between higher transversal harmonic states, we have shown that a CIR splitting can occur
for anisotropic harmonic confinement [12] only if the interaction potential between colliding
particles has long-range character with respect to the width of the confining trap. For
the case of inelastic scattering, we have reproduced the results of [21, 26] by assuming a
proper absorbing short range potential and studied the multichannel issue in the presence
of anisotropy, as well. We have shown that although a slight anisotropy does not have a
great impact on inelastic one channel scattering, it can cause a considerable change in the
reactive rate constant when the contribution of higher open channels is also included.
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VII. APPENDIX A
In Eq.(27), each coefficient Ajj′ is a N ×N matrix, each αj ia a diagonal N ×N matrix,
and each γj is a N -dimensional vector.
24
For up to three open channels (nx, ny) = (0, 0) , (0, 2) and (2, 0), we have
α
(1)
j = −
rj
rj−1
φne (xj , yj)
φne (xj−1, yj−1)
eikne (|zj |−|zj−1|)
(
1 +W
(j)
0 +W
(j)
1
)
,
α
(2)
j =
rj
rj−2
φne (xj , yj)
φne (xj−2, yj−2)
eikne (|zj |−|zj−2|)
(
W
(j)
0 +W
(j)
1 +W
(j)
1 W
(j−1)
0
)
,
α
(3)
j = −
rj
rj−3
φne (xj , yj)
φne (xj−3, yj−3)
eikne (|zj |−|zj−3|)W
(j)
1 W
(j−1)
0 (31)
and
γj =
√
λjrjφne (xj , yj) e
ikne |zj |
{
e−ikne |zj | cos(kqzj)
φq(xj , yj)
φne(xj, yj)
− e−ikne |zj−1| cos(kqzj−1) φq(xj−1, yj−1)
φne(xj−1, yj−1)
(1 +W
(j)
0 +W
(j)
1 )
+ e−ikne |zj−2| cos(kqzj−2)
φq(xj−2, yj−2)
φne(xj−2, yj−2)
(W
(j)
0 +W
(j)
1 +W
(j)
1 W
(j−1)
0 )
− e−ikne |zj−3| cos(kqzj−3) φq(xj−3, yj−3)
φne(xj−3, yj−3)
W
(j)
1 W
(j−1)
0
}
(32)
where q and ne refer to the initial transverse state and the highest open channel, respec-
tively.
We define the following relations
χj = e
i(kne−1−kne )|zj |
φne−1(xj , yj)
φne(xj , yj)
− ei(kne−1−kne )|zj−1|φne−1(xj−1, yj−1)
φne(xj−1, yj−1)
ηj = e
i(kne−2−kne )|zj |
φne−2(xj , yj)
φne(xj , yj)
− ei(kne−2−kne )|zj−1|φne−2(xj−1, yj−1)
φne(xj−1, yj−1)
(1 +
χj
χj−1
)
+
χj
χj−1
ei(kne−2−kne )|zj−2|
φne−2(xj−2, yj−2)
φne(xj−2, yj−2)
(33)
In the case of three open channels, the highest open channel is (nex, ney) = (2, 0) and we
have
W
(j)
0 =
χj
χj−1
W
(j)
1 =
ηj
ηj−1
, (34)
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while for two open channels, (nex , ney) = (0, 2) and
W
(j)
0 = 0
W
(j)
1 =
χj
χj−1
(35)
finally single channel regime, (nex , ney) = (0, 0)
W
(j)
0 = 0
W
(j)
1 = 0 (36)
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